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Let k be an algebraic function field of one variable X having a finite field GF(q) 
of constants with q elements, q odd. Confined to imaginary quadratic extensions 
K/k, class number formulas are developed for both the maximal and nonmaximal 
binary quadratic lattices L on (K, N). where N denotes the norm from K to k. The 
class numbers of L grow either with the genus g(k) of k (assuming the fields under 
consideration have bounded degree) or with the relative genus g(K/k) (assuming the 
lattices under consideration have bounded scale). In contrast to analogous theorems 
concerning positive definite binary quadratic lattices over totally real number fields. 
k is not necessarily totally real. 
1. INTR~DLJCTI~N 
We know explicit formulas for the class number h + (15) of proper classes 
in the genus of a binary quadratic lattice L, gen L, over algebraic number 
fields (I 11, 12, 15, 8, 14 1). Pfeuffer [ 131 showed that for fixed natural 
numbers n and h there are only finitely many totally real algebraic number 
fields k of degree n over which positive definite binary quadratic lattices L 
with h+(L) < h exist. Each of these fields allows only a finite number of 
such lattices L with bounded scale. 
Using algebraic methods and results from the theory of quadratic function 
field extensions and techniques described in (12, 3, 6, 9]), in this paper 
analogous results for class number formulas and the growth of class numbers 
are proved for algebraic function fields k with char k # 2. 
2. IMAGINARY QUADRATIC FUNCTION FIELD EXTENSIONS 
Let GF(X, q) be a rational function field with one variable X having the 
exact constant field GF(q) and the ring of integers GFIX, 91. An algebraic 
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function field k, [k: GF(X, q)] = n, is called totally real if and only if the 
infinite prime divisor (l/X) of GI;(X, q) decomposes in k as product of n 
different prime divisors of degree 1. A quadratic extension K/k is called 
imaginary if and only if each prime divisor U/(1/X) of k does not decompose 
in K as product of two different prime divisors. 
This paper will be confined to imaginary quadratic extensions K/k with 
the exact constant field GF(q). For ME {k, K} let O(M) be the ring of 
integers of M, U(M) be the set of infinite prime divisors of M dividing (l/X) 
and E(M) := {e E M]ord,(e) = 0 for ail prime divisors p of M with 
p @ U(M)} be the group of units in M. Let R(M) be the regulator of M. We 
define: 
r := the number of fundamental units of k; 
Q := [E(K) : E(k)]; 
E(l)= {eEE(K)(N(e)= 1); 
E(1, k) = {e E E(k)IN(e) = 1). 
The non-trivial automorphism of K/k shall be denoted by f: 
THEOREM 1. (a) There is 
[E(l) : E(K)‘-‘] = 2 * Q-’ 
with Q/2. 
(b) There is 
Q = 2’ * R(k) * R(K)-‘. 
ProojI (a) Analogous to [7] there is 
[E(l) :E(K)‘+] 
= [E(K)‘-%& k) : E(K)‘-f] * [E(K) : E(K)l-fE(k)] * Q-l. 
In case of E(K) = E(k) we conclude 
[E(K)l-fE(l, k) : E(K)‘-‘] = 2, 
otherwise 
[E(K) : E(K)‘-fE(k)] = 1, 
[E(K) : E(k)] = [E(K) : E(K)‘-fE(k)] = 2, 
[E(K)‘-fE(l, k) : E(K)‘-‘] = 1. 
(1) 
(2) 
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(b) Let e i,..., e, be a fundamental system of units in O(k) and 
R(K; e, ,..., e,.) the regulator of e i ,..., e, (compare 161). We have 
R(K; e, ,..., e,) = 2’ * R(k) 
and if e, ,..., e, is a fundamental system of units in O(K) then 
R(K; e ,,..., e,.) * R(K)-’ = 1. 
Otherwise we have (compare p. 97 in [7 ]) 
R(K; e, ,..., e,)*R(K)-‘=2. 
The following example illustrates that, in contrast to the case of number 
fields (compare p. 12 in [ 1 I), k is not necessarily totally real if K/k is an 
imaginary quadratic extension having the same number of fundamental units 
as k. 
EXAMPLE 2. Let K = GF(X, q)(fi ,..., fi) be an algebraic function 
field with mi E GF[X, q], 1 < i ,< t, and n := [K : GF(X, q)]. 
(a) If GF(X, q)(fiy ), GF(X, q)( 6) are imaginary, GF(X, q)( fii ). 
3 < j < t, really quadratic fields and r + 1 = n/4, then 
k = GJ’(X, s)(fi , fi . . . . . fi;, 
is not totally real and K/k is imaginary. 
(b) K has r real quadratic subtields Kj, 1 <j< r, and n - r - 1 
imaginary quadratic subtields Kj, r + 1 < j < n - 1. If h(K) (resp. h(K,), 
I < i < n - 1) denotes the ideal class number of K (resp. Ki) then we have 
,I- I 
h(K) = 1 1 h(K,) * 1’1 (R(K,)) * R(K)- ‘. 
i= I j=l 
with R(K,) as the regulator of Kj, 1 < j < r. 
ProoJ (a) If (l/X) decomposes in K as product of r + 1 different prime 
divisors iii, then we obtain with fi := degree iii and 1 < j < r + 1: 
r+l=n. &.=I or rf l=n/2, fjE {1,2) or r+ I =n/4. fi=2. 
(b) Generalizing the methods of [ 9, p. 20 ff. ] we deduce the explicit 
class number formula. 
Let L be an arbitrary lattice on (K, A’), O(L) := (x E K 1 XL c L } the order 
of L and cls’ (O(L)) the proper isometry class of O(L). The elements of the 
group of proper units of L. O’(L), correspond to the elements of 
E(l,O(L)):= (?IEO(L)(N(o)= 1). 
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THEOREM 3. We have 
or-d O+(L)= 2. (3) 
ProoJ: Let L(m) be a maximal lattice on (K, N). Using O+&(m)) s E(l), 
(1) and Q = [E(K)‘-‘: I] we conclude 
ordO+(L(m))=2*Q-‘*Q. 
Let L be a nonmaximal lattice on (K, N). The inclusion O(L) c O(K) implies 
ord E( 1,0(L)) < ord E( 1). Hence we have 
ordE(l,O(L))=ordO’(L)=2. 
Let V be an anisotropic binary quadratic space over k. We call an O(k)- 
lattice L on V definite if and only if VG is anisotropic for all U E U(k). 
LEMMA 4. There is an isomorphism between 
{L]L O(k)-lattice on (K, N) with K/k imaginary, [K : k] = 2) 
and 
{H] H definite O(k)-lattice on V over k}. 
ProoJ: This is a consequence of (3), 12, 4, lo]. 
3. CLASS NUMBER FORMULAS 
For M E {K, k} let ‘u(M) be the group of ideals of M and Fp (O(M)) := 
(xO(M)]x E M*} the group of principle ideals of M. Let the group C be 
defined by 
a := {a E 2t(K)]a’-f= O(K)}. 
THEOREM 5. Let d(K/k) be the number of ramtped prime ideals in K/k 
and h(k) the ideal class number of k. Then 
[C(Q(O(K)) : ‘$3(0(K))] = h(k) * 2d’“‘k’ * Q * 2-I. (4) 
ProoJ: With &j := (hO(K)]h E K*, hlefEE(l)} we conclude 
[Cq(O(K)) : 13(0(K))] = h(k) * 2d’K’k’ * [a : ‘P(O(k))] -‘. 
Analogous to the argumentation of [7] it follows from (1): 
[$j : y(O(k))] = [E(l) : E(K)‘-f] = 2 * Q-‘. 
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Let u(O(L)) denote the volume of O(L). Following [2] there exists an ideal 
c(O(L)) with 
THEOREM 6. (a) Let L(m) be a maximal lattice on (K, N). Then 
h+(L(m)) = h(K) * 2’-d(K’k) * (h(k) * Qj-’ (5) 
with h(K) as the ideal class number of K. 
(b) Let y denote the non-trivial character of K/k and 8 the absolute 
norm of k. Then 
h’(L) = h+(L(m)) * !R(c(O(L))) 
* p,c~!Ljb (a(p) * (1 - v(P) * VP)-‘)) (6) 
pprimeidealbfk 
with a(p)= 1, fy(p)=O anda(p)=2-‘. ify(p)#O. 
Prooj (a) The characterizations of 0’ (L(m)) 5 E(l), gen(O(K)) = 
(a/aJ with a E ‘U(K)} [2] and the equation (‘$(0(K)) UZ)‘-/z cls+ (O(K)) can 
now be extended to result in 
h’(L(m)) = [gen(O(K)) : cls’(O(K))] 
= [‘U(K) : W-VOW)) I. 
The equality (4) implies the formula (5j. 
(b) Using group-theoretic techniques set up by 121 along with the 
calculation of certain local unit indices analogous to those of 18 1 we obtain 
h’(L) = h’(L(m)) * [I [WI, P) : .Ql, W),)I 
plc(O(I.)) 
with 
IQL P> : E(1. O(L),)1 
= PW(L),N * (1 - V(P) * Wr’)) * r” 
with E( 1, p) := (xix unit of O(K),, N(x) = 1 }, E(l, O(L),) := (XIX unit of 
O(L),, N(x) = 1 } and a=0 if y(p)= 0 and a = 1 if y(p)#O. This 
concludes the proof. 
COROLLARY I. Let L be a nonmaximal lattice on (K, N). Then 
h’(L(m)) <h+(L). 
Prod If P/C(W)) then ~n(~)l~(c(O(~N) and ‘WWP) - W(P)). 
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4. GROWTH OF CLASS NUMBERS h+(L) 
In this section we first prove the following 
THEOREM 8. Let k be a fixed algebraic function field, K/k an imaginary 
quadratic extension of k and let eL denote the scale of L. Let h and s be 
given positive integers. Then there are only finitely many isometry classes of 
binary quadratic lattices L on (K, N) with h+(L) < h and W(sL) < s. 
Proof: [IO] shows that everything is done if we prove for a maximal 
lattice L(m) that ‘%(o(L(m))) is bounded. 
Let g(K) (resp. g(k)) denote the genus of K (resp. k), c(k) be a constant 
and n := [k : GF(X, q)]. The relative discriminant of K over k shall be 
denoted by b(K/k). The equalitites (2), (5), the Hurwitz genus formulas and 
[6] imply on condition that g(K) >, 1 for any positive E < (l/2): 
h+(L(m)) 2 @) .+ (q~ _ 1) .+ q(deg(a(Klk))-4)(1/2-E) .+ 2-d(W), 
where the degree deg is defined as in [5]. 
Let m be the number of different prime polynomials P(X) of GF[X, q] 
such that p/P(X) GF[X, q] for a finite prime divisor p/b(K/k). Then 
d(K/k) < m * n and 
9 
deg(b(K/k))(l/2-CE) * 2-d(Klk’ > n (qdW’(X))(1/2--E) * 2-“) 
where the product on the right side is taken over all the different prime 
polynomials P(X). 
If %(a(L(m))) tends to infinity then deg b(K/k) grows infinitely large as 
well with g(K/k) as with the largest P(X). Thus h + (L(m)) ( h implies that 
!R(a(L(m))) is bounded. 
THEOREM 9. For fixed natural numbers n and h there are only finitely 
many fields k of degree n over which there are binary quadratic definite 
lattices L with h+(L) < h. 
ProoJ: In light of Corollary 7 it suffices to establish the finiteness of the 
number of fields k over which there is at least one maximal lattice L(m) with 
h ’ (L(m)) < h. Let E be a positive real number with E < l/12 and C(E) a 
constant depending on E. If min( g(K), g(k)] > 1, then (2), (5), the Hurwitz 
genus formulas and [6, Lemmas 4, 61 show that 
h+(L(m)) >d(E) .+ qg(Klk)(l~2E)+K(k)(l~6E)+4& * 2-d’“lk’ 
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with 
d(E) := (q&- 1) *q-4” * 3-l * 2-” * C(&)-n. 
The argument used in the proof of Theorem 8 shows that 
9 
g(K/k)(l- 2~) * 2 -d(Klk) 
tends to infinity if g(K/k) does. Thus there exists a x E Q such that 
qg(K/kW2c) * 2-d’K’k’ > x 
for all K and k, which implies that g(k) is bounded. 
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